In this paper, a study of numerical solutions of a nonlinear soybean hydration model which is considered as a Stefan problem is presented. For this purpose, it is employed fourth and sixth order compact finite difference schemes for discretizing the spatial derivative and the standard finite difference scheme for discretizing the time derivative.To show the efficiency of the methods, numerical experiments have been done and numerical stability has been proven. It is noted that the present methods have more accurate solution with minimal computational effort (CPU time) for soybean hydration model, by comparison of the results in the literature which is validated experimental data.
Introduction
Many physical problems arising in engineering and science include volume variation or movement of system boundaries. One of the examples of these problems is diffusion models such as swelling or drying are studied by many authors [1, 2, 3, 4, 5, 6, 7, 8] . They have been stated that when the water enters the system, the size of the material increases. Among them, Coutinho [1] has been demonstrated experimentally the increase in volume during the soaking could reach 30% for soybean. This variation is important in modeling the soybean hydration process.
Models that including the hydration of grains are described by empirical models and phenomenological models. Empirical models include simple mathematical correlation but do not describe diffusion steps. In phenomenological models, elementary steps of diffusion and/or convection mass transfer is considered [7] and these models are represented with lumped or distributed parameters. Lumped parameters systems which do not take into account concentration variations inside the grain are modeled by ordinary differential equations. On the other hand, distributed parameter systems represent concentration gradients that change over time inside the grain.
Soybean grains behave as distributed parameter systems whose moisture profiles inside the grain changes over time and can be predicted by phenomenological mathematical models. Since these problems are time-dependent problems, they are modeled by the parabolic partial differential equation with an initial condition and two boundary conditions, are class of initial-boundary value problems. Boundary conditions are adopted for the center and the surface of the grain. In these problems, an additional condition can be adapted for movement of the radius, is the moving boundary, is determined as part of the solution. The behavior of volume increase is described by a differential equation which represents the rate of growth of the radius. Hence, the problem has physical meaning. These problems are called Stefan Problem or moving boundary problems.
Due to difficulties in obtaining the analytical solution of Stefan problems many authors have been dedicated to numerical solutions of Stefan problem by applying various numerical methods including finite differences, finite elements and integral methods. Earlier studies can be found in Ref. [9] .
Very recently, Sadoun et al. [10] proposed a modified variable space grid method for heat conduction problem and compared their solution with other solutions in the literature. Yigit [11] used finite difference method with variable space grid and variable time step for one-dimensional solidification problem to the position of the moving front and its velocity. Also, he developed an analytical method for limiting case and compared with numerical results. Reutskiy [12, 13] presented a new meshless method for one dimensional Stefan problem and Stefan type problem with moving boundaries in spherical coordinates. Mitchell et al. [14] used the Keller box finite difference method with boundary immobilization method for the Stefan problem of evaporation of spherical droplets. Lee et al. [15] proposed a finite difference moving mesh method for moving boundary solution and apply their method to the porous medium equation, Richard's equation and the Crank-Gupta problem.
The swelling problems as Stefan Problem were taken into account by Davey et al. [4] , McGuinness et al. [5] and Barry and Caunce [6] . They proposed the moisture diffusion model whose diffusivity is an exponential function of moisture content. In these papers, the models include two moving boundaries simultaneously. One of them expresses the movement of the radius and other expresses the movement of the water inside the material. These studies propose the exact solution for the model but they do not extend to analyzing moisture profiles obtained during modeling.
Viollaz et al. [16] and Viollaz and Rovedo [17] used boundary immobilization method for the problem with volume change due to drying or swelling.
Nicolin et al. [3] present a model with volume variation to analyzes the moisture profiles inside the grain. The model has one moving boundary which represents the behavior of the grain by a differential equation which is named Stefan condition. They solved the problem by explicit finite difference method by validating experimental data.
In this work, it is studied to apply variable space grid method combined with fourth and sixth order compact finite difference method to obtain the solution of the soybean hydration model proposed by Nicolin et al. [3] . The aim is to show that compact finite difference schemes which utilized for soybean hydration model have less computational effort (CPU time) with less iteration to reach the more accurate solutions. Numerical results are compared with Nicolin et al. [3] and computational times and equilibrium times for the proposed models are calculated.
The rest of the paper is as follows: In Section 2, the mathematical model of soybean hydration process is introduced. In Section 3, fourth and sixth order compact finite difference methods are summarized. In Section 4, variable space grid method is applied to the problem and numerical algorithm is described for fourth and sixth order compact finite difference methods. Numerical stability is proven in Section 5 and computational results are given in Section 6 to show the efficiency of the method on the problem. Paper is concluded in Section 7.
Mathematical modeling
The model is obtained by transient mass balance on differential volume element of soybean grains. Since the geometry of soybeans is assumed spherical, the Eq.(1) that represent water absorption by soybean is developed in spherical coordinates based on Fick's Law of Diffusion. It is assumed that diffusion takes place only in radial direction.
where X represents moisture content, r is the radial position which is a function of time and D is the constant diffusion coefficient.
Eq. (1) is second order partial differential equation. Therefore, one initial condition and two boundary conditions are required for the solution. These boundary conditions are adopted for the center and the surface of the grain. Eq.(2) which shows the initial condition is uniform throughout the dry solid at time t = 0:
The boundary conditions are
Eq.(3) defines symmetry of the problem in the center of the grain in any instant of time and Eq.(4) represents moisture content on the solid-fluid interface (r = R(t)) and it reaches equilibrium moisture content at the beginning of the soaking.
Eq. (5) represents Stefan condition representing the motion of the front. The initial condition (6) that is necessary for the solution of Eq. (5) states at the beginning of the hydration process the grain has a known radius. For soybean hydration
is obtained by Nicolin et al. [3] and R 0 is a constant.
The boundary condition is defined by Eq.(3) causes an indetermination in the Eq.(1) since the Eq. (1) is not defined at the center of the grain due to term (2/r) which becomes infinite when r approaches to zero. Therefore, L'Hospital rule is applied to Eq.(1) to obtain the solution for the center. Eq. (7) is valid for the center of the grain [3] .
3 The compact finite difference scheme
In this section, firstly, fourth and sixth order compact finite difference schemes(CFD4 and CFD6) proposed by Lele [18] are introduced. This method is particular kind of finite difference method which uses a linear combination of given values of the function on a set of points to approximate its derivatives.
Compact finite difference schemes can be dealing with two kinds of categories. These are explicit compact finite differences which compute the numerical derivatives at each grid by using large stencils and implicit compact finite differences which evaluate the numerical derivatives through solving a system of linear equation and by using the smaller stencil [19, 20, 21] . In this work, implicit compact finite differences for spatial discretization are used.
Spatial discretization
Spatial derivatives are computed by the compact finite difference scheme [18] . For simplicity, a uniform 1D mesh consisting of N points: r 1 < r 2 < ... < r N . The mesh size ∆ r = r i+1 − r i is equal at any instant of time. The first derivatives are for all interior points r i ,t j , 2 ≤ i ≤ N − 1, are given by Eq. (8):
which provides an α-family of fourth order tridiagonal schemes with
For α = (10) and Eq. (11), respectively:
where, for simplicity, X i is taken instead of X(r i ,t j ).
The derivatives of the points near the boundaries for non-periodic problems are given by one-sided schemes. The derivatives formulae at boundary points 1, 2, N − 1, N are given for fourth order scheme as below, respectively.
Sixth order schemes formulas at boundary points 1, N and near the boundary points 2, N − 1 are
The fourth order scheme (10) with (12)- (15) can be written in the form of vector-matrix as below,
The second order derivative terms are obtained by applying the first operator twice:
where, 
The vector-matrix form of sixth order scheme (11) with (16)- (19) is as follows:
where X = (X 1 , X 2 , ..., X N ) T .The second order derivative terms are obtained by applying the first operator twice,
First and second derivatives at all grid points are obtained by solving the band system.
Application of Soybean hydration model
In numerical solution of the problem (1)- (7), three-point fourth order and sixth order compact finite difference scheme are used for derivatives of the radial coordinate where the interval is [0, R(t)]. Time derivatives are discretized by forward finite difference scheme.
Numerical algorithm
To express the volume variation Nicolin et al. [3] used Variable Space Grid method(VSGM) which was proposed Murray and Landis [22] in Eq. (1) . In this method, the number of space intervals between a fixed boundary x = 0 and moving boundary x = R(t) is kept constant and equal to N. Thus, the moving boundary lies on the Nth grid. The model analyzes the time partial derivation by tracking a given line instead of a constant r. For the line ith grid point:
General grid point at r moves according to Eq.(21). The authors have used the method studied on Cartesian coordinates [23, 24] . Eq. (1) is in spherical coordinates but since the diffusion takes place only radial direction, mass transfer is similar to in Cartesian coordinates. Therefore, Eq. (21) can be used for this model. 
To solve the model the radial coordinate is divided into N points (i = 1, 2, .., N). The number of time intervals is determined by the amount of absorption water. When the whole grain reaches %99 of the equilibrium moisture content, the process is cut off.
Discretization of Eq. (2) is given by X
To discretization of the boundary condition which is given by Eq.(3) for the center of the grain, it is used explicit finite difference approximation:
Central finite difference approximation is used in Eq. (7) which represents moisture content at the center of the grain (r = 0),
To eliminate the term X j 0 it is used Eq.(24) and obtained: constructed row-by-row by using compact finite difference scheme explained above, i.e.,(X r )
Since radial coordinate size increases with each time step due to soaking, the mesh size is defined by ∆ r j = R j /N.
The term v j which appears in Eq. (27) represents the motion of the boundary, is the radius. The velocity of motion of the radius which is represented by Eq. (5) is discretized as
The boundary condition on the spherical grain surface is presented by
The position of the radius at the next time step is calculated by the following approximation:
Numerical stability
In Section 4, it is demonstrated how compact finite difference scheme applies to soybean hydration model. If Eqs. (26), (27) and (29) are written in vector-matrix form, it yields:
where It is seen that the matrices C and D vary with the variable coefficients α and β . But during numerical calculation, it is observed that the coefficients do not vary rapidly and change much. As a result, the matrix properties do not change at different space and time values. For this reason, to prove the stability of the scheme the variable coefficients can be fixed at certain space and time points. Thus, the system is written at any consecutive time points as follows:
= . . .
where, γ is the fixed α j i at certain space and time points and η is the fixed β j at certain time points, 
where ∆ r j in components of the first row of matrix E is determined by the same time point in α and β coefficients. According to the theory of finite difference method [25] , consistent and stable finite difference method implies its convergence. For this, the magnitude of eigenvalues (I + λ E + ηF) must be less than or equal to 1. The eigenvalues of the matrix for different N values and different γ and η coefficients are plotted in Figure 1 and Figure 2 by calculating with MATLAB.
Results
The model (1)- (7) is solved by fourth and sixth compact finite difference scheme in radial coordinates and forward finite difference in time coordinates.
It is performed the computations using the software MATLAB R2012a on ASUS machine Intel Core i7 2.4 GHz 6 GB Constants in the model [3, 26] are given as below: The correct choice of the number of spatial points (r) is essential for adequate representation of the numerical solutions. While a small number of divisions of spatial coordinate may lead to non-realistic approximations due to rounding error, the profiles are obtained by simulation with an extremely large number of divisions are impracticable due to processing time. The best way is for determining the smallest number of discretization points that could preserve the representability of numerical solution of the mathematical model.
As a numerical experiment, it is experimented the model for N values between 10 and 50. Figure 3 shows moisture and N = 50) by using CFD4 and CFD6. As is seen, the greatest moisture content variations occur near the surface at the beginning of the soaking and oscillations occur at small times (approximately around 5000 s). The calculations with these values do not show realistic numerical solutions when compared to the results that Nicolin et al. [3] validated with experimental data. However, the results obtained with values of 60 ≤ N ≤ 100 show a realistic approach. If N values larger than 100, as mentioned above, CPU times increase (see Table 5 ). When we run the problem extremely large N values such as 307 ≤ N ≤ 334 the obtained equilibrium time diverges from the experimental equilibrium time for CFD4. When N ≥ 335 CFD4 solutions and N ≥ 280 CFD6 solutions are degenerated, see Figure 4 . Figure 5 shows moisture profiles as a function of the radius for various values of time and Figure 6 shows moisture profiles as a function of time for various values of the radius. To compare the numerical solutions which are obtained in this work with experimental moisture content data in Ref. [27] the mean values for the models are averaged over the volume grain by using Eq.(32), and in Figure 7 , the average profiles are compared with experimental moisture content data. On the other hand, mean squared errors calculated by Eq.(33) between numerical solution and experimental moisture content data are listed in Table 1 . Mean squared errors show that the experimental data and numerical solutions are in good agreement.
where n is number of data,X is the experimental data and X m is the average moisture content is calculated by Eq.(32). Also, absolute errors and relative errors which are listed in Table 2 are calculated as in below, respectively: 
Errors of three methods which are calculated with different N values are very close to each other. The values calculated for N = 100 are given in Table 2 . 9.916444e-08 6.025364e-08 9.929071e-08 6.033036e-08 9.929056e-08 6.033027e-08 Table 3 shows the position of the radius and its velocity for Nicolin et al. [3] , CFD4 method and CFD6 method at different time values and different N values. In Figure 8 , the increase in the size of the grain is shown. Nicolin et al. [3] demonstrated numerically R max has ≈ 37.4% and experimentally ≈ 40.6% the increasing. In the calculations of this work, the increase in the radius %37.47 for both method, CFD4 and CFD6. Hence, the results are obtained by CFD4 and CFD6 schemes approximate the result of Nicolin et al. [3] very well. To show accuracy of the methods convergence rates are calculated by
From the results in Table 4 , although error order of CFD4 and CFD6 do not behave as O(h 4 ) and O(h 6 ), respectively, CFD4 and CFD6 are more accurate than Nicolin et al. [3] . Equilibrium time (t eq ) is defined the time at which the center of the grain reaches 99% of the equilibrium moisture content. In Table 5 , the equilibrium time is listed for three methods and it is shown that t eq is shorter than Nicolin et al. [3] but are realistic with less iteration. Also, CPU times at different N values for all the methods are given in Table 5 and these are shorter than Nicolin et al. [3] for all N values. 
Conclusion
In this paper, fourth and sixth order compact finite difference schemes are used for soybean hydration model. It is worth to mention that the compact finite difference scheme utilized for this problem is always stable since the modulus of the spectral radius of iteration matrix is always 1. On the other hand, the number rate = log X ∆r −X ∆r/2 X ∆r/2 −X ∆r/4
provides a measure for the comparison of the rate of convergence of different iterative methods when N is sufficiently large, so, the obtained results confirm that our approach is asymptotically convergent and this also an indication that the number of iteration is required to reduce the error for sufficiently large N. For this reason, the solutions are obtained by fourth and sixth order compact finite differences are compatible to the available solutions in the literature and our approach reaches equilibrium time with less iteration with minimal computational effort (CPU time).
